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f(R) gravity theories in the Palatini formalism has been recently used as an alternative way to explain the
observed late-time cosmic acceleration with no need of invoking either dark energy or extra spatial dimension.
However, its applications have shown that some subtleties of these theories need a more profound examination.
Here we are interested in the conformal aspects of the Palatini approach in extended theories of gravity. As is
well known, extremization of the gravitational action a la Palatini, naturally “selects” a new metric h related
to the metric g of the subjacent manifold by a conformal transformation. The related conformal function is
given by the derivative of f(R). In this work we examine the conformal symmetries of the flat (k = 0) FLRW
spacetime and find that its Conformal Killing Vectors are directly linked to the new metric h and also that
each vector yields a different conformal function.
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I. INTRODUCTION
Understanding the physical mechanism behind the
late-time cosmic acceleration is today one of the key
problems at the interface between fundamental physics
and cosmology. Much efforts in the last ten years have
shown, at least in principle, that this phenomenon could
be explained by modifying Einstein’s General Relativity
(GR) in the far infrared regime. Although there is a di-
versity of approaches in this field (see, e.g., Refs. 1), the
simplest possible theory results by adding terms propor-
tional to powers of the Ricci scalar R to the Einstein-
Hilbert Lagrangian. Such theory, known as modified
f(R) gravity (see Refs. 2 for recent reviews), is of great
interest nowadays. The cosmological interest in f(R)
gravity comes from the fact that it can exhibit natu-
rally an accelerating expansion phase without introduc-
ing dark energy, as happens for instance in the standard
ΛCDM cosmology. Much studies have been developed
so far, mainly from the theoretical viewpoint, in order
to clarify subtleties of this theory such as nonlocal causal
structure3, its behavior under the energy conditions4 and
Noether symmetries5.
An important aspect that is worth emphasizing con-
cerns the two different variational approaches that may
be followed when one works with f(R) gravity, namely,
the metric and the Palatini formalisms. In the metric for-
malism the connections are assumed to be the Christoffel
symbols and the variation of the action is taken with
respect to the metric, whereas in the Palatini varia-
tional approach the metric and the affine connections are
treated as independent fields and the variation is taken
with respect to both (see Ref. 6 for a quite good review on
Palatini formulation). Because in the Palatini approach
the connections depend on the particular f(R), while in
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metric formalism the connections are defined a priori as
the Christoffel symbols, the same f(R) lead to different
spacetime structures. In fact, these approaches are only
equivalents in the context of GR, i.e., in the case of lin-
ear Hilbert action; for a general f(R) term in the action,
they provide completely different theories, with very dis-
tinct equations of motion. Although being mathemati-
cally more simple and successful in passing cosmological
tests, we do not yet have a clear comprehension of the
properties of the Palatini formulation of f(R) gravity.
Thanks to Levi-Civita7 we know that every manifold
may be endowed at least with two distinct structures: a
Riemannian metric structure and an affine structure de-
fined by the connection. The metric determines distances
and local causality while the connection determines the
parallel transport of vectors. In principle these structures
are independent fields. In metric f(R) gravity, as well as
in GR, a single geometric object, namely the metric g,
determines the causal structure, measurements and the
free-fall of test particles. However, in Palatini f(R) grav-
ity, as we will show in the next section, extremization of
the gravitational action naturally selects (i) a connection
Γ, which is dependent of the particular f(R) and (ii) a
second metric h related to the metric g of the manifold
by hµν = f
′gµν (f
′ is the derivative of f(R)). We are
thus faced, in the Palatini approach, with the following
questions:
• What is the role of the connection Γ, as well as the
second metric h, in Palatini f(R) theory?
• In a given manifold (M, g), is there some evidence
of the “apparent” metric h?
• If so, how many h = f ′g exist for a given g? In
other words, a given function f(R) is as good as
any other?
The first question was raised and discussed in Refs. 8,
where it was shown that Γ is determined by the appar-
ent metric h and the authors claim that the gravitational
2field should be represented by Γ, in the sense that free-
falls follow the Γ-geodesics. In what follows we try to
answer the last two questions following geometrical rea-
sonings concerned with symmetries present in the pair
(M, g). Readers interested in observational (cosmologi-
cal) aspects of Palatini f(R) gravity see Refs. 9 and ref-
erences therein.
II. PALATINI APPROACH TO MODIFIED f(R)
GRAVITY
The action that defines an f(R) gravity is given by
S =
∫
d4x
√−g
[
f(R)
2κ2
+ Lm
]
, (1)
where κ2 = 8piG, g is the determinant of the metric ten-
sor, Lm is the Lagrangian density for the matter fields
(here assumed as functionally independent of the connec-
tions Γ) and
R = gµν
(
∂αΓ
α
µν − ∂νΓαµα + ΓαασΓσµν − ΓανσΓσµα
)
. (2)
In Einstein’s General Relativity, as well as in metric
f(R) theories, the connections are given a priori as the
Christoffel symbols of the metric g:
{
α
µν
}
g
=
1
2
gασ (∂µgσν + ∂νgσµ − ∂σgµν) . (3)
In the Palatini variational approach metric and connec-
tions are treated as independent fields and the variation
is taken with respect to both, giving us:
f ′R(µν) −
1
2
f gµν = 8piGTµν , (4)
∇˜α
(
f ′
√−g gµν) = 0 , (5)
where f ′ = df/dR, ∇˜α denotes the covari-
ant derivative associated with Γ and Tµν =
−(2 /√−g) δ(√−gLm)/ δgµν is the matter energy-
momentum tensor. Eqs. (4) are the modified Einstein’s
equations of motion, while solution of Eqs. (5) give us
the connections:
Γαµν =
1
2
hασ (∂µhσν + ∂νhµσ − ∂σhµν) , (6)
where hµν = f
′gµν is a new conformal metric. Let us
remark that:
• The dynamics of Γ, expressed by Eq. (5), identifies
a new metric hµν in the manifold, and this is the
connection which determines the tensor curvature
of spacetime.
• The conformal metric h preserves the causal struc-
ture of the manifold (M, g).
• If f(R) = R the field equations (5)⇒ Γαµν =
{
α
µν
}
g
,
so the Levi-Civita connection of g (Eq. (3)) is no
longer an assumption a priori, it is the outcome of
field equations!
Next we are going to explore the conformal character of
the new metric h.
III. CONFORMAL TRANSFORMATIONS & LIE
DERIVATIVES
As stated above, let (M, g) be a spacetime with a
smooth Lorentzian metric g. A symmetry of the space-
time M is a smooth local diffeomorphism φt between
open submanifolds of M which preserves some geometri-
cal feature of M . The symmetries are usually achieved
by assuming the existence of smooth vector fields on M
associated with the local diffeomorphism. These vectors
are called “symmetry vector fields” (see Ref. 10 for a
detailed account of algebraic structures in general rela-
tivity). Much known in GR are the Killing vector fields,
whose associated local diffeomorphism preserve the met-
ric tensor. Another important symmetry is related to the
so-called “Conformal Vector Fields”. We say that X is
a Conformal Vector Field (also called Conformal Killing
Vector) if the associated diffeomorphisms φt preserves the
metric up to a conformal factor: φ∗t g = Ω(x)g for some
positive function Ω. This can be cast in terms of the Lie
derivative of the metric tensor as11,12
£XA gµν = 2φAgµν (7)
where φA is called the conformal function of XA and
£X gµν = X
α∂αgµν + gαν∂µX
α + gµα∂νX
α . (8)
Here we are interested in the Conformal Vector Fields
XA, and respective conformal functions, possibly admit-
ted by the flat (k = 0) Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) spacetime such that
£XA gµν = 2 f
′
Agµν (9)
where f ′A 6= 0 are derivatives of f(R) Palatini theories of
gravity.
A. Conformal Vector Fields in (k = 0) FLRW
We write the flat FLRW spacetime metric as
ds2 = a2(η)
(−dη2 + dx2 + dy2 + dz2) , (10)
where η is the conformal time; dη = dt/a(t). It is well
known13,14 that for this metric there are 9 Conformal
Vectors:
X0 = ∂η
Xi = xi ∂η + η ∂i
X4 = x
α∂α
K0 = −2ηX4 − (xαxα)X0
Ki = 2xiX4
(11)
3Conformal Vector f ′ = df/dR (associated f(R) theory)
X0 d ln a/dη
Xi xi d ln a/dη
X4 1+ η d ln a/dη
K0 −2η − (η
2 + x2 + y2 + z2)d lna/dη
Ki 2xi (1+ η d ln a/dη)
TABLE I. The right column shows f(R) Palatini theories (in-
deed f ′(R)) associated with each Conformal Killing Field (left
column) of the FLRW metric.
where xα = (η, x, y, z), xα = (−η, x, y, z) and i = 1, 2, 3.
Using the above results in Eqs. (9)-(10) we determine the
“conformal functions” f ′A(R) associated with each Con-
formal Vector Field XA (A = 1 . . . 9). The results are
shown in Table I where we see that, in principle, there
are 9 different f(R) theories associated with the confor-
mal symmetries of the flat FLRW spacetime. Although
they were obtained in terms of the derivative of f(R),
and in spite of integration being not obvious, we recall
that many discussions and constraints on f(R) theories
are made in terms of the derivatives. Indeed, these are
preliminary results which we pretend to develop more
deeply in forthcoming studies.
IV. CONCLUSIONS
In this talk we have shown that:
• In the Palatini approach to f(R) gravity, beside the
metric g, another metric h is involved, which gives
the connection Γ. These two metrics are related by
a conformal transformation such that hµν = f
′gµν .
• The new metric hµν , as well as the connection Γ,
is directly linked to Conformal Killing symmetries
preexistent in the manifold (M, g).
• We relate the Conformal Killing Vectors in FLRW
flat spacetime to f(R) theories of gravity in the
Palatini approach (see Table I).
We hope this result will enlighten the role of conformal
transformations, present in the Palatini formulation ab
initio, and the related bi-metric structure of these theo-
ries.
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